Abstract. A lamination is a compact connected metric space, where each point has a neighborhood homeomorphic to the product of a Euclidean disc and a totally disconnected space. Given a lamination, one can ask if this lamination can be realised as a subset of a smooth foliated finite-dimensional manifold, so that the leaves of the lamination are contained in the leaves of the foliation of the manifold. More precisely, one asks if there exists a foliated embedding of a given lamination into a smooth foliated manifold by a bi-Lipschitz homeomorphism.
Introduction
In this paper, we study Hausdorff dimension of transverse sections in a class of laminations obtained from the Kenyon-Ghys graph construction as in [5, 13, 20, 22] .
A lamination in the sense of Sullivan [30] is a compact connected metric space M such that each point x ∈ M has a neighborhood homeomorphic to the product of a Euclidean disc with a totally disconnected space. If M contains a dense path-connected component, which accumulates on itself (such a leaf is called recurrent), then the second component in the local product is a Cantor set.
Laminations provide models for the study of attractors in dynamical systems and, more generally, minimal sets of foliations of smooth manifolds. For example, Williams [31, 32] showed that the dynamics on an expanding hyperbolic attractor is conjugate to the shift map on the inverse limit of a map of some branched manifold onto itself. This inverse limit is called a generalised solenoid, and it is an example of a lamination. Brown [6] studied non-expanding hyperbolic attractors, and showed that a non-expanding topologically mixing codimension 1 hyperbolic attractor is homeomorphic to the inverse limit of tori, and the dynamics on such an attractor is conjugate to an automorphism of the inverse system.
The inverse limit of an infinite sequence of proper covering maps of a torus T n is also an example of a lamination, called a regular solenoid. These are the simplest examples of the class of weak solenoids, as introduced by McCord [23] , with details and examples of regular and weak solenoids given in Schori [29] , Rogers and Tollefson [27] , Fokkink and Oversteegen [12] .
Further examples of laminations arise as the tiling spaces of aperiodic tilings of R n with finite local complexity, of which there is a large literature. See, for instance, Sadun [28] and Kwapisz [19] .
Graph matchbox manifolds, which are the subject of this paper, provide more exotic examples of laminations, and have been studied by Ghys in [13] , Blanc in [5] , Alcalde Cuesta, Lozano Rojo and Macho Stadler in [1] , Lozano Rojo in [20] , the author in [22] , Lozano Rojo and the author in [21] ).
Most of these examples are obtained by topological constructions, outside of the setting of dynamics on manifolds. It is then a natural question, whether a given lamination M can be realised as a compact subset of a smooth foliated manifold M .
To be more precise, a lamination M is metric space with metric d M . A C ∞ manifold M with a C rfoliation F, r ≥ 1, has a Riemannian metric, which induces a metric d M on M . Given a lamination M, we ask if there exists a homeomorphism φ : M → M which is a bi-Lipschitz map, that is, there exists a constanct K ≥ 0 such that for any x, y ∈ M we have
It is natural to ask if there exists a lamination M with Lipschitz holonomy pseudogroup, which does not admit a bi-Lipschitz embedding into a C r , foliation of a C ∞ manifold. We give an example of such a lamination in this paper, for r ≥ 1.
To show that a bi-Lipschitz embedding does not exist, we compute the Hausdorff dimension of the transversal of this lamination, and show that it is infinite. Here we use that bi-Lipschitz maps preserve Hausdorff dimension of sets.
Before we state our main results, we would like to mention some existing results on the embeddings of laminations into Euclidean spaces and foliations.
The study of embeddability of solenoids into manifolds dates back to Bing [4] who showed that the inverse limit of non-trivial self-coverings of a circle cannot be embedded into a plane. Prajs [26] showed that, if a homogeneous solenoid with leaves of dimension n is embedded into an (n + 1)-dimensional manifold, then it is an n-dimensional manifold itself. Rephrasing, a homogeneous solenoid cannot be embedded into a manifold with codimension 1. Clark and Fokkink [9] proved a similar result using a cohomological argument. Jiang, Wang and Zheng [14] extended this nonembedding result to all weak solenoids.
There is a smaller number of results about the embeddings of solenoids as subsets of foliations. Apart from the works by Williams [31, 32] and Brown [6] , the author is only aware of one other work, that of Clark and Hurder [10] , who constructed embeddings of a certain class of toral solenoids as subsets of foliated manifolds. In particular, they show that the existence of such an embedding may depend on the degree to which the bonding maps of the solenoid twist the tori.
In the study of the tiling spaces of tilings with local finite complexity, the question of the existence of embeddings of tilings spaces into Euclidean spaces versus their Hausdorff dimension, or, using a more subtle invariant, their Assouad dimension, was studied by Julien and Savinien [15] and by Bellissard and Julien [3] . See also references in [3] for the literature on bi-Lipschitz embeddings of ultrametric spaces into Euclidean spaces.
Julien and Savinien [15] showed that a certain class of tiling spaces of tilings of R n can be embedded into R n+1 by a bi-Lipschitz homeomorphism. They also computed the Hausdorff dimension of the canonical transversal for certain classes of tiling spaces. Julien and Bellissard [3] concentrate on embeddings of ultrametric Cantor sets, and show that linearly repetitive subshifts, Sturmian subshifts and some other examples can be embedded into a Euclidean space by a bi-Lipschitz homeomorphism.
In this paper, we study graph matchbox manifolds, which are suspensions of pseudogroup actions on metric spaces of pointed trees obtained as follows.
Let G be a torsion free group with a finite set of generators G 0 of cardinality n. We assume that G 0 is not symmetric, that is, if a ∈ G 0 then a −1 / ∈ G 0 . Determined by the choice of generators in G 0 , there is a Cayley graph G of G. Let X be the set of all connected, simply-connected non-compact subgraphs of G containing the identity vertex. Then every such graph T ∈ X is a pointed metric space, where the metric on T is a complete length metric associated to the standard length structure on G.
The set X of pointed trees is given a box metric as follows. Given any two trees T and T in X, the distance d X (T, T ) = e −m , where m is the maximal radius such that the closed balls of radius m in T and T correspond the same pattern.
There is a natural partial action of the free group F n on n generators on (X, d X ), which can be thought of as moving the identity element along edges in each tree (see section 2 for details). Thus each element g ∈ F n gives rise to a homeomorphism γ g , defined on a clopen subset of X. In this way one obtains a pseudogroup dynamical system (X, d X , Γ), where Γ = {γ g } g∈Fn . Our first main theorem calculates the Hausdorff dimension of the space (X, d X ) in the case when G = F n , n ≥ 2. THEOREM 1.1. Let F n , n ≥ 2, be a free group on n generators, and let (X n , d n ) be the space of pointed trees with the box metric. Then the Hausdorff dimension of (X n , d n ) is infinite,
Recall [13, 1, 5, 21, 22] that the pseudogroup dynamical system (X, d X , Γ) can be suspended to produce a lamination M X with leaves of dimension 2 or higher. Leaves in M X correspond to orbits of graphs T in X under the action of the pseudogroup Γ. There is a natural embedding of X into M X as a transverse section, and the graphs in the orbit O(T ) of T correspond to the intersections of leaves with the transverse embedding of X.
A graph matchbox manifold is a compact connected subspace M of M X which is the closure of a leaf L, i.e. M = L. The intersection of any graph matchbox manifold M with the embedding of X has the closure of an orbit O(T ) as the preimage under the embedding, where T ∈ X.
The author showed in [22] , that M X contains a residual subset of dense leaves, and so M X is a graph matchbox manifold in its own right. If a graph T ∈ X n has a dense orbit, then O(T ) = X n . Theorem 1.1 has the following application to a non-embedding result. THEOREM 1.2. Let F n , n ≥ 2, be a free group on n generators, and (X n , d n ) be the associated space of pointed graphs with box metric. Let M n be a suspension of the natural pseudogroup action on (X n , d n ). Then M n cannot be embedded as a subset of a C ∞ -manifold with C r foliation by a bi-Lipschitz homeomorphism, for r ≥ 1.
The study of this class of examples is continued in the follow-up paper [18] , where we investigate the relationship between the Hausdorff dimension of X n , and various types of entropy of the pseudogroup dynamical system defined on this set. The paper [18] brings together the ideas of the current paper and that of Attie and Hurder [2] , and explores in greater detail the relationship between leaf complexity and transverse dimension.
The rest of the paper is organized as follows. In section 2 we recall the necessary background on the space of pointed trees and the pseudogroup action on this space. In section 3 we recall the definition of the Hausdorff dimension for metric spaces. We prove the main theorem 1.1 in section 4, and the main theorem 1.2 in section 5.
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Pseudogroup action on the space of pointed trees
Let G be a finitely generated torsion-free group acting on itself on the right, and let G 0 denote a set of generators of G. We assume that G 0 is not a symmetric set, that is, if h ∈ G 0 then h −1 / ∈ G 0 . Let G be the Cayley graph of G constructed using the set of generators G 0 ; more precisely, the set of vertices V (G) = G, and to each pair g 1 , g 2 ∈ V (G) such that g 1 h = g 2 for some h ∈ G 0 , associate an edge w h , labelled by h ∈ G 0 , with s(w h ) = g 1 and t(w h ) = g 2 . We denote by E(G) the set of edges. Thus G is an oriented graph labeled by the set G 0 .
We define a length structure : P (G) → R : δ → (δ), where P (G) the set of all paths in G, in the standard manner, so that edges in G are parametrized in such a way that each of them has length 1.
We call a subgraph T ⊂ G an infinite tree if it is non-compact, connected and simply connected. The last condition implies that any loop in T is homotopic, with fixed end-points, to the constant path.
Let X be the set of all infinite trees in G containing the identity e ∈ G. As a subset of G, a tree T ∈ X has the induced length structure . Denote by d a complete length metric on T , associated to the length structure . The pair (T, e) ∈ X with metric d is a pointed metric space, or a pointed tree. DEFINITION 2.1. Two (possibly finite) pointed graphs (T, e) and (T , e) are G 0 -isometric if and only if there exists an isometry (T, e) → (T , e) which preserves the origin e and the labeling of edges by the elements of the generating set G 0 .
A consequence of this definition is that the vertex sets of T and T coincide as subsets of G.
The space X of pointed trees can be given a metric as follows. Let D T (e, r) denote a closed ball in T about e of radius r. We call such a ball in the tree T a 'pattern of radius r'. DEFINITION 2.2. [13, 1, 20] Let X be the set of all infinite pointed trees in a locally compact Cayley graph G. Let T, T ∈ X, and define the distance between T and T by
The metric d X is called the ball metric.
Intuitively, given T and T in X, we compare them on patterns around the origin e, and the distance between T and T depends on the maximal radius of the pattern on which the corresponding subgraphs of T and T are G 0 -isometric. Another consequence is that if r, r > 0 are such that r = r , then the following sets are equal for any tree T ∈ X
and
where m = r . REMARK 2.4. In the definition of (X, d X ) we excluded finite subgraphs of G for the following reason. With respect to the box metric d X , any finite subgraph G would be an isolated point, and no interesting dynamics would happen on these isolated points.
We also note that, since d X is an ultrametric, the radius of an open ball in X is equal to its diameter, and any open ball is also closed (see Remark 2.3, formula (3)).
One can show [13, 20, 5] that the metric space (X, d X ) is compact and totally disconnected. In the case G = F n , a free group on n ≥ 2 generators, the corresponding space X n is perfect, and so is a Cantor set.
There is a partial action of F n on the space of pointed trees X, which gives rise to a pseudogroup Γ on X (see [8] for more details about pseudogroups), defined as follows.
Let P e (T ) be the set of paths δ : [0, 1] → T such that δ(0) = e, δ(1) = g ∈ V (T ) and δ is the shortest path between e and g in T . The image of δ in T is the union of edges
Thus δ defines a wordh i1hi2 · · ·h im ∈ F n , where
,
We note that g =h 1h2 · · ·h n is a representation in the set G 0 of generators of G. Then there is an injective map
DEFINITION 2.6. Let n < ∞ be the cardinality of a set G 0 of generators of G, and (X, d X ) be the corresponding set of pointed trees. An action of g ∈ F n on X is defined as follows.
(1) (T, e) · g is defined if and only if there exists a path δ ∈ P e (T ) such that p(δ) = g.
(2) (T , e) = (T, e)·g if and only if there is an isomorphism of pointed spaces α : (T, g) → (T , e).
To a partial action of F n on X we can associate a pseudogroup of local homeomorphisms Γ as follows.
For an integer m > 0 (see Remark 2.3 for the justification of the restriction to integers) denote by
, that is,
For each g ∈ F n let g = d(e, g), where g is the distance between e and g in the word metric on the group F n . The action of g is defined on the union of clopen subsets
which is clopen since G 0 is a finite set and so (4) is a finite union. The mapping
is a homeomorphism onto its image, and a pseudogroup Γ is defined to be a collection
n } is a generating set of Γ, where F 0 n is a generating set of F n . REMARK 2.7. An easy computation shows that the generators in Γ 0 are Lipschitz maps. Indeed,
and so γ g is Lipschitz with a constant C = e. DEFINITION 2.8. Let (X, d X ) be a space of pointed trees, and Γ be the pseudogroup on X. Then the orbit of a graph (T, e) ∈ X is the set
Consider a free group F n on n generators, and let G n be its Cayley graph. Denote by X n the space of pointed trees associated to G n . The metric on X n is the box metric d n .
It is shown in [22] that (X n , d n ) is universal in the following sense. Let G be any group with a generating set of m ≤ n generators. Identify each generator of G with a generator of F n . Then every infinite subgraph of the Cayley graph G of G can be seen as an infinite subgraph of G n , and there is an embedding Φ : X → X n , which preserves distances between trees in X.
The definition of the Hausdorff dimension
In this section, we recall the definition of the Hausdorff dimension for the metric space of pointed graphs (X n , d n ), associated to the free group F n , n ≥ 2. Our basic references are the texts by Edgar [11] and Pesin [25] .
Let U be the collection of all open subsets in the space of pointed graphs (X n , d n ), n ≥ 2. Let Z ⊂ X n be any subset of X n , and let the numbers α > 0 and > 0 be given. Since X n is compact, there always exists a finite subcollection V ⊂ U of open sets of diameter at most , whose union contains Z (since the closure of Z is compact in X n ). Therefore, we can define a function
where the infimum is taken over all finite or countable subcollections V of open sets of diameter at most which cover Z. We define
Since M H (Z, α, ) is non-decreasing when decreases, this limit exists or is infinite, and m H (Z, α) is known as the α-Hausdorff outer measure of Z. By [25, Proposition 1.2], we have that for a set Z, there exists a critical value α H , called the Hausdorff dimension of Z, such that 
We list a few basic properties of the Hausdorff dimension which are useful in what follows. Details may be found in [25, Theorem 6 .1].
PROPOSITION 3.1. The following is true for the Hausdorff dimension of a subset Z ⊂ X n .
Hausdorff dimension of the space of pointed graphs
In this section, we prove the main theorem 1.1.
Let F n be a free group on n generators with a non-symmetric generating set F 0 n , n ≥ 2. Recall that by a non-symmetric generating set F 0 n we mean a set such that if a ∈ F 0 n , then a −1 / ∈ F 0 n . Let X n be the space of infinite connected subgraphs of the Cayley graph G n of F n which contain the vertex corresponding to the identity in the group F n . Give X n the box metric d n (see section 2). In this metric, the distance between two graphs T and T is given by d n (T, T ) = e −m , where m is the maximal radius, so that the patterns of radius m in T and T are F We now prove that (X n , d n ) has infinite Hausdorff dimension. Theorem 4.1 contains the proof for n = 2. The proof for n > 2 is a consequence of Theorems 4.1, as shown in Corollary 4.7.
Let us first fix some terminology. In the example we consider, there are two types of metric spaces: graphs T ⊂ G 2 with the (complete) length metric, and the space X 2 with the ultrametric d 2 .
Let D T (e, m) denote the closed ball of radius m in the graph T about the origin e, with respect to the complete length metric on T . We adopt the terminology that D T (e, m) is a pattern defined by T , as this is just a subgraph of T . The subscript T in the notation indicates that D T (e, m) is a pattern determined by T .
We reserve the word 'ball' for clopen balls in X 2 , where D 2 (T, e −m ) denotes the ball of radius e −m about T in the space X 2 . Such a ball contains all trees T , which contain the same pattern of radius m as T . Since d 2 is an ultrametric, the diameter of D 2 (T, e −m ) is also e −m [15] .
Here is our main result.
THEOREM 4.1. Let F 2 be a free group on 2 generators, and let (X 2 , d 2 ) be the corresponding space of pointed graphs with the box metric. Then dim H (X 2 ) = ∞.
Proof. Let U be a cover of X 2 by clopen balls of diameter at most e −m , for m > 10.
Since X 2 is compact, the cover U has a finite subcover, so without loss of generality, we can assume that U is a finite cover. Then there is only a finite number of set diameters which can occur in this cover, that is,
where m 1 < m 2 < · · · < m s , and N mi > 0. Rewrite (10) in the form
where m i = m i−1 + 1 and
We now show that we can assume that U is a partition of X 2 .
LEMMA 4.2. Let U be a finite cover of X 2 . Then there is a subordinate partition V of X 2 which covers X 2 . That is, for every V ∈ V we have V ∈ U, the sets in V are pairwise disjoint, and
Proof. (of Lemma 4.2). Let U, W ∈ U be clopen sets with U ∩ W = ∅, if such a clopen set W exists. Since d 2 is an ultrametric, if diam(U ) = e −m , and diam(W ) ≤ e −m , then W ⊆ U . Now let U be a collection which contains all clopen balls in U except the ball W . Since U contains the ball U , the collection U is still a cover of X 2 . By repeating this procedure a finite number of times (since U is a finite cover), we can obtain a cover U of X 2 which is a partition of X 2 .
Let U be the partition, subordinate to U given by Lemma 4.2. Since this partition is a subcover of U, and every clopen ball in U is also in U, then we have
So for computation of the Hausdorff dimension of X 2 we can restrict to finite partitions of X 2 , and from now on, all covers we consider are finite partitions.
Suppose the Hausdorff dimension of X 2 is finite, that is, dim H (X 2 ) = d < ∞. Then for any α > d we have
where U m runs through all finite partitions of X 2 by clopen balls of diameter at most e −m . The convergence of the limit (12) to zero implies that there exists a sequence of real numbers 0 < ε m < 1 such that lim m→∞ ε m = 0 and for any m > 10,
Then for any m there exists a finite partition U m of X 2 such that, for some 0 < < ε m we have
The partition U m satisfies the equation (11), and combining that with (13) we obtain for each m i , 1 ≤ i ≤ , the following estimate
This yields
We are going to show that a partition U m of X 2 which satisfies (11) and (15) cannot exist when m is sufficiently large.
For that we first establish a few estimates. First, given a pattern P of radius (m − 1) and a tree T P containing P , we estimate the number of clopen balls of diameter e −m which are needed to cover a clopen ball D 2 (T P , e −(m−1) ) about T P .
In the proof of the lemma, and further on, we use a special notion of the '(m − 1)-boundary of a pattern P ', which is denoted by ∂ m−1 P . If P has radius (m − 1), then ∂ m−1 P consists of the vertices in P which are at the distance precisely (m − 1) from the identity.
This notion of the boundary of T should not be confused with a different notion of the boundary of a connected tree, which contains vertices adjacent to only one edge. The reason we use the notion of the (m − 1)-boundary of a pattern is the following.
We count the number of patterns Q of radius m which contain P as a subpattern in order to determine the number of clopen balls of diameter e −m which are needed to cover a clopen ball D 2 (T P , e −(m−1) ). We note that D 2 (T P , e −(m−1) ) contains precisely those trees T which are G 0 -isometric to T P on a subset of radius (m − 1), i.e. which contain P as a subpattern of radius (m − 1). We create patterns Q of radius m by attaching various combinations of edges to the vertices in P . If P has a vertex v which is at the distance λ < (m − 1) from the identity, then attaching an edge to this vertex produces a pattern P of radius (m − 1) which is different from P , and so a tree T P containing P is not in the clopen ball D 2 (T P , e −(m−1) ). Therefore, for our purposes we are only interested in the vertices in the metric boundary of P , that is, at the distance precisely (m − 1) from the identity vertex. LEMMA 4.3. Let P ⊂ G 2 be a pattern of radius (m − 1), let T P be a tree containing this pattern, and let
be a clopen ball around T P . Suppose ∂ m−1 P has cardinality K. Then the number of clopen balls of diameter e −m which are needed to cover D 2 (T P , e −(m−1) ) is given by
Proof. (of Lemma 4.3) To determine how many clopen balls of diameter e −m are contained in D 2 (T P , e −(m−1) ), we consider all possible patterns Q of radius m which coincide with P on a subset of radius (m − 1) around the identity vertex. Each such distinct pattern Q corresponds to a distinct subset of D 2 (T P , e −(m−1) ) of diameter e −m , and the number of such distinct patterns Q corresponds to the number of clopen balls of diameter e −m , which are needed to cover D 2 (T P , e −(m−1) ). Denote this number by S P,m , and let us compute S P,m . e e e Figure 1 . a) The pattern P has radius 2 and card (∂ 2 P ) = 2. b) A pattern of radius 3 can be obtained from P by attaching any non-empty combination of the 6 edges depicted by the dashed lines. The edges are numbered by 1, 2, . . . , 6. c) The pattern Q of radius 3, corresponding to the sequence 010110.
Given P , we obtain Q by attaching edges to the K vertices in ∂ m−1 P . Since G 2 is a tree, to each vertex we can attach at most 3 edges, so in total one can attach at most 3K edges.
We number these edges by the integers 1, 2, . . . , 3K, in any order. Then all possible patterns Q containing P can be coded by sequences of 0's and 1's as follows.
In a sequence of length 3K, let the i-th place corresponds to the i-th edge. Given a sequence S, the corresponding pattern Q contains the i-th edge if and only if the i-th entry in S is 1 (see Figure 1 .) Discarding the string of only 0's, as it corresponds to the case when we attach no edges, we obtain that the number of distinct patterns Q of radius m, containing P is
As the first application of Lemma 4.3, let us estimate the cardinality of a partition P m of X 2 into clopen balls of diameter e −m .
Consider a pattern of radius (m − 1) which is a full subgraph of the Cayley graph G 2 , that is, it contains as vertices all words in F 2 of length at most (m − 1), i.e. The last estimate we need before we return to the proof of the main theorem, compares the growth rates of two sequences, the sequence {2 For m > M , let U m be a collection of clopen balls of diameter at most e −m satisfying (11) and (15) . We are going to show that such a collection cannot cover X 2 . The proof is by induction. 1 100
where the first inequality follows from (15) and (20), and the second inequality follows from (22) . The estimate (23) shows us that less than 1/100-th of the total number of clopen balls of diameter e −m1
in the partition of X 2 is contained in U m1 m . Therefore, the complement of U m1 m in X 2 is non-empty.
If = 1, then we proved that U m cannot cover X 2 . So suppose > 1. We now consider the subcollection U m2 m of clopen balls of diameter e −m2 , m 2 = m 1 + 1. We have N m2 such clopen balls.
Let D 2 (T f,m1−1 , e −(m1−1) ), where T f,m1−1 is a tree containing P f,m1−1 , defined by (18) .
LEMMA 4.5. There exists a pattern P m1 obtained by attaching 2 or 3 edges to each vertex in the (m 1 − 1)-boundary ∂ m1−1 P f,m1−1 , such that the following holds.
Let T m1 be a tree containing P m1 .
(1) The clopen ball
The m 1 -boundary of ∂ m1 P m1 satisfies the following estimate in X 2 satisfies the inequality
Proof. (of Lemma 4.5). Consider all possible patterns of radius m 1 obtained from the pattern P f,m1−1 by attaching any non-empty combination of edges to the vertices in ∂ m1−1 P f,m1−1 . To attach the edges, we pick up any k vertices in the boundary, where k varies from 4 · 3 m1−2 to 1.
, that is, the total number of vertices in ∂ m1−1 P f,m1−1 . We want to count the number of distinct patterns obtained by attaching either 2 or 3 edges to each of the 4 · 3 m1−2 vertices in ∂ m1−1 P f,m1−1 . Denote the set of such patterns by L m1 .
For a given vertex, there are 4 distinct ways to attach a combination of 2 or 3 edges. Therefore, in total there are (27) distinct patterns.
For each pattern P ∈ L m1 let T P be a tree containing P . Then the clopen ball −1) ). We show that the number of patterns in L m1 is larger than N m1 , and so there is a pattern P m1 such that the corresponding clopen ball B 1 = D 2 (T m1 , e −m1 ), where T m1 is a tree containing P m1 , is not in U m1 m . For that we have to show that N m1 < L m1 . Indeed, we have by (15) and (22) 
So we choose a pattern P m1 ∈ L m1 , such that the corresponding clopen ball B 1 / ∈ U m1 m .
The m 1 -boundary of P m1 satisfies
Then by Lemma 4.3 we have that the number of clopen balls of diameter e −m2 , contained in B 1 , is estimated from below by
The clopen ball B 1 is a proper subset of the complement of U m1 m in X 2 , thus the complement of U m1 m contains at least C Pm 1 ,m2 = S Pm 1 ,m2 + 1 clopen balls of diameter e −m2 , i.e.
We now have N m2 ≤ e m2α clopen balls of diameter e −m2 in the subcollection U m2 m , which we want to use to cover C Pm 1 ,m2 clopen balls of the same diameter in the complement of U m1 m in X 2 . These clopen balls make up at most the following proportion of all clopen balls needed. 
N m2
where the first inequality follows from (15) and (26), and the second inequality follows from (22) .
The estimate (32) shows that the subcollection U 
is a clopen ball of diameter e −mi−1 about a tree T mi−1 containing P mi−1 , and suppose
Then we have the following.
(1) The number of patterns Q of radius m i in a subcollection L mi obtained by attaching 2 or 3 edges to each of the k i−1 vertices in ∂ i−1 P mi−1 is bounded below by
We have N mi < L mi , and so there exists a pattern P mi ∈ L mi with k i vertices in ∂ mi P mi such that
and so that the clopen ball B i = D 2 (T mi , e −mi ), where T mi is a tree containing P mi , is in the complement of U 
The following estimate holds,
Proof. (of Proposition 4.6). Let P mi−1 , k i−1 and B i−1 be as in the hypothesis of the proposition. By the assumption the pattern P mi−1 has k i−1 vertices in ∂ mi−1 P mi−1 , to which we can attach edges to obtain patterns of radius m i . Consider the set L mi of patterns obtained by attaching 2 or 3 edges to each of the k i−1 vertices in ∂ mi−1 P mi−1 . We would like to estimate the cardinality of this collection. By (33) we have
We show that the cardinality of L mi is larger than N mi , therefore, there exists a pattern P mi of radius m i , obtained by attaching 2 or 3 edges to vertices in ∂ mi−1 P mi−1 , such that the corresponding clopen ball is not in U mi m . Indeed, we have by (15) , (22) and (38)
and since 1 2 m1 < 2 3 we have
So let P mi be a pattern in L mi such that the corresponding clopen ball
where T mi is a tree containing P mi , is not in U 
Using (41) and Lemma 4.3, we conclude that the number of clopen balls of diameter e −mi+1 , where
Since B i is a proper subset of the complement of U 
An estimate similar to (32) shows that the clopen balls of diameter e −mi+1 in U mi+1 m cover at most Thus, Proposition 4.6 shows that for all values > 10 in (11) , the collection U m satisfying (11) and (15) cannot be a cover of X 2 . We thus have a contradiction, and, therefore, the Hausdorff dimension of X 2 is infinite. COROLLARY 4.7. For n > 2, the Hausdorff dimension of X n is infinite, i.e. dim H (X n ) = ∞.
Proof. Let id, a 1 , a 2 , . . . , a n be a non-symmetric generating set for F n , that is, such that a −1 i is not in the set for i = 1, . . . , n, and let id, a 1 , a 2 be a generating set with the same property for F 2 .
Define a homomorphism φ : F 2 → F n by sending the generators a i , i = 1, 2, to distinct generators of F n .
This homomorphism induces an injective map on the set of vertices V (G 2 ) of the Cayley graph G 2 of F 2 , into the set of vertices V (G n ) of the Cayley graph G n of F n .
Thus there is an embeddingφ : G 2 → G n , and to every subgraph T ⊂ G 2 one can associate a subgraph φ(T ) of G n . This defines an injective map
on the corresponding spaces of trees. By construction, if T and T in X 2 contain the same pattern of radius m, their imagesφ(T ) andφ(T ) in X n would also contain the same pattern of radius m. It follows that Φ is an isometry with respect to the metrics d 2 on X 2 and d n on X n . Therefore, Φ is a bi-Lipschitz map.
Since bi-Lipschitz homeomorphisms preserve the Hausdorff dimension of sets [25] ,
and so dim H (X n ) = ∞, by Property (2) in Proposition 3.1.
Application: graph matchbox manifolds
In this section, we apply Theorem 1.1 to obtain the non-embeddability result in Theorem 1.2.
We first recall a few facts about metrics on foliated manifolds. For details the reader can refer to the texts by Moore and Schochet [24] , by Candel and Conlon [8] , and for Lipschitz topics, the paper by Hurder [17] .
Recall from [8] that, for r ≥ 1, a C r -foliated compact C ∞ manifold M admits a finite foliated atlas U, which is given by a collection of local homeomorphisms from M to a product of two Euclidean discs D n × D k . Here, the preimages of D n are subsets in the leaves of the foliation F, and the preimages of D k are transverse sections of F. The restrictions of the transition maps of the atlas are usually required to be C ∞ when restricted to the first component of the product, and C r when restricted to the second component of the product, for r ≥ 1.
The choice of a smooth Riemannian metric g M on M induces a smooth Riemannian metric g F on the leaves, for which each leaf is a complete Riemannian manifold with bounded geometry. The metric g M induces also the Riemannian metric on the image of D k in M . The Riemannian metric on the image of D k induces a distance function on the image of D k . Pushing forward this distance onto D k via a chart homeomorphism, we obtain a metric space (T i , d T ), called the transversal, where i is the index of the corresponding chart in U. By compactness of transversals, d T is bounded on T i . One can choose the charts in such a way that the transverse sections are disjoint, then the union T = T 1 ∪ · · · ∪ T ν can be made into a metric space by setting the distance between x, y ∈ T i to be the distance in the restricted metric, and setting d T (x, y) = K if x ∈ T i and y ∈ T j , where
Concatenations of transition maps along paths in the leaves in M induce local homeomorphisms of T, which form a holonomy pseudogroup. The generators of the holonomy pseudogroup for a C 1 -foliation are Lipschitz maps, where a map of metric spaces φ : Y → Z is Lipschitz, if there exists a constant K > 0 so that for any
A homeomorphism φ : Y → Z is bi-Lipschitz if φ is a Lipschitz map and its inverse φ −1 is also a Lipschitz map.
The embedding problem for laminations can be formulated as follows. We assume that we are given a lamination M, with a transversal metric space (X, d X ), and that the generators of the holonomy pseudogroup, associated to (X, d X ) are Lipschitz maps. We ask if there exists a map φ : M → M , which is a bi-Lipschitz homeomorphism onto its image.
Here, the requirement that φ is bi-Lipschitz is non-trivial. Hurder [17] gives an example of a pseudogroup G which acts minimally on a Cantor set C, and such that C does not admit a metric so that the generators of G are Lipschitz maps. Therefore, C with this action cannot be realized as a subset of a foliated manifold (M, F), so that the pseudogroup action is restricted from the action of the holonomy pseudogroup of F.
We show that Theorem 1.1 allows us to construct an example of a lamination where the holonomy maps are Lipschitz, but which cannot be embedded into a C ∞ manifold with C r -foliation by a bi-Lipschitz homeomorphism, for r ≥ 1.
Recall [13, 1, 5, 21, 22] that the pseudogroup dynamical system (X, d X , Γ) can be suspended to produce a lamination M X with leaves of dimension 2 or, by a small modification of the theorem below, n > 2.
THEOREM 5.1.
[13] Let G be a finitely generated torsion-free group, and (X, d X ) be the corresponding space of pointed trees with the action of a pseudogroup Γ. Then there exists a compact metric space M X , and a finite smooth foliated atlas V = {φ i :
is open, and X i is a Cantor set, with associated holonomy pseudogroup P, such that the following holds.
(1) The leaves of M X are Riemann surfaces. (2) There is a homeomorphism onto its image t : X → ∪ 1≤i≤ν X i , such that t(X) is a complete transversal for the foliation F, and P| τ (X) = t * Γ, where t * Γ is the pseudogroup induced on t(X) by Γ.
The proof of Theorem 5.1 uses a variant of a suspension contruction. We refer for the proof to [13, 5] .
Thus M X is a lamination, and the leaves in M X correspond to orbits of graphs T in X under the action of pseudogroup Γ. By Remark 2.7 the holonomy pseudogroup Γ is generated by Lipschitz homeomorphisms.
A graph matchbox manifold is a compact connected subspace M of M X which is a closure of a leaf L in M X , i.e. M = L.
We are interested in the Hausdorff dimension of transversals of graph matchbox manifolds, which is equivalent to asking about Hausdorff dimensions of the closures O(T ) for various T . If for some graph T ∈ X the Hausdorff dimension of the closure O(T ) is infinite, then the corresponding graph matchbox manifold M cannot be embedded as a subset of a C r -foliated C ∞ -manifold by a biLipschitz homeomorphism, for r ≥ 1.
It was shown in [22] , that M X contains a residual subset of dense leaves, and so M X is a graph matchbox manifold in its own right. Then Theorem 1.1 leads to the following non-embedding result. THEOREM 5.2. Let F n , n ≥ 2, be a free group on n generators, and (X n , d n ) be the associated space of pointed graphs with box metric. Let M n be a suspension of the natural pseudogroup action on (X n , d n ) as in Theorem 5.1. Then M n cannot be embedded as a subset of a C ∞ -manifold with a C r -foliation by a bi-Lipschitz homeomorphism, for r ≥ 1.
Proof. Let M be a foliated manifold with foliation F, and let Z be any transverse k-dimensional section. By Property (2) in Proposition 3.1 the Hausdorff dimension of any subset of Z is at most k. Suppose there exists a foliated bi-Lipschitz embedding φ : M n → M , then it must map X n onto a transverse section Z, or a finite union of such sections. By Theorem 1.1 the Hausdorff dimension of X n is infinite, so the Hausdorff dimension of the image φ(X n ) ⊂ Z must be infinite, a contradiction. Therefore, no such bi-Lipschitz homeomorphism φ can exist.
